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SOLUTIONS. 


521, [A.1.a.] Resolve into five factors the expression 

a®(b—c)+b5(e—a)+e(a—b)+abe(b —c)(c—a)(a—b). 

Evidently b—c, c—a, a—b are factors, and the remaining factor must be 
a symmetrical homogeneous function of a, b, ¢ of the third degree. We 
may therefore assume 

Ya*(b — c) + abe(b —c)(e — a)(a—b) 
=(b-—c)(e—a)(a—b).[p. Za? +q. 2a*b+r. abc], 
where p, g, * are numerical constants to be determined. 

To find p and q, put c=0 in the identity, and we have 

a5b — bba=b( — a)(a- b) . [p(a? + 8°) +9 (a*b + ab?)]. 

But a°b —b'a=ab(a—b)(a+b)(a?+*), whence p=q= -1. 

To find r, put a=2,b=1,c=-1. We then find 49+2q-—r=—6, whence 
r=(. Hence the remaining factor is 

— (Za + Xa*b)= —(Za)(Za?). 

522. [K.20.e.a.] A,, Ay...An is a regular polygon of n sides and P 
any point between A, and A, on its circumeircle, which is of radius R. 
y PA, subtend an angle a at the centre, shew that the sum of the chords 

as FAs, «.. FA, 

T 


2R (cos acot 
Qn 


+sin a) : 


— r=n—] Tr 
2PA,=2R. > sin a+—- 
r=0 


: n—Ir\. T 
sin (a+ Qn ) sin (x. z) 
=2R.— aes 





— 
sin —— 


2n 
T 
cos (a- =) 
=2R- ———_—_—— =22( cos a cot 


sin 


T ‘ 
7 on +si1n a). 
2n 

Cc 
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523. [K 2. e] Shew that the equation to the circumcircle of the triangle 
Formed by the lines y= +kx and xcosat+ysina—p=0 is 


(cos* u — k sin? a)(x*? + y*) — p(1 +k) (x cos a —y sin a)=0. 
Since the circle circumscribes a quadrilateral of which the fourth side 
is the tangent at the origin, its equation must be of the form 
y? —- Bt +(x cosat+ysin a—p)(le+ my) =0. .......ccceceneeeees (i) 
Using the conditions for a circle, we have 
lcosa—=msina+1 and /sina+mcosa=0, 


whence =e a _ a 4B, Substituting in (i) the result follows. 
cosa —sina 


524. (R.4.a.] A balance has its arms unequal in length and weight. 
A certain article appears to weigh Q, or Q_ according as it is put into one 
scale or the other. Similarly another article appears to weigh R, or Ry. 
Shew that the true weight of an article which appears to weigh the same 
in whichever scale it is put is 


_ Oh. - QR, 
@1- Q.— &, +h, F 


Let the true weight of the first article be Q, that of the second 2, and the 
apparent and true weights of the third article XY and W respectively. Let 
a and b be the lengths of the arms, S and S’ the weights of the scale-pans. 
Let w be the wale of the instrument, and let its c. of G. be at a distance x 
from the fulcrum. Then we have the equations 


(V+S)a+w.vr=(Q,+S8')b, 
(Q,+S8)a+v.c=(Q+8’')b, 
(W+S8)a+w.r=(X+58’)b, 
(X+S)a+w.x=(W+S8’)d, 
whence (W—-Q,)a=(X-Q)b, 
(X-Q)a=(W-9Q,)d; 
ule e=-5- vie similarly. 


This gives the required value of W, 


525. [R.7.b.y.] Prove that the greatest range of a particle, projected 
with a given velocity, on a given inclined plane, is four times the greatest 
vertical altitude above the inclined plane. 


If a is the angle of projection, @ the angle of the plane, the vertical 
altitude above the plane after time ¢ is 


: = aut, 2E(e-B)_ 1 2 
usina.t—dgt?—(ucosa.t)tan B=ut. oon 8 $9t*. 


Now whatever A may be, 
ut. A-jgt=y 
g 
2)2 
and therefore its greatest value is 4“ ~ 
g 
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Hence the greatest value of the above vertical altitude is 
wsin?(a— 2) _ u? . 
~ goth ~* 7st gl! — ce 8(e—f)} 
But for the max. range 2a—B=5 ; hence the above is 


tg —sin B)=t (max. range). 


526. [L'.14.a.] Jf a conic circumscribe a parallelogram, its centre must 
be at the intersection of the diagonals. 


Let ABCD be the —7™; E, F, G, H the middle poiuts of the sides. 
Then Z, G are the middle points of || chords; -. HG passes through the 
centre of the conic. Similarly for /H. Hence the centre of the conic is 
the intersection of 4G, FH, which is also the centre of the (7™. 


527. [A.1.b.] Prove the identity 
ai(b—c) , B2(c— a), e(a- 6), (a+b+c)(b-c)(c—a)(a -)_6 
b+c-a ct+ta-b a+b-c (b+c-a)(e+a—b)(at+b—c) ~ 
a oe A 1 
(xw—a)(x—b)(x—c) ~(a-—b)(a-c) x-a 
Putting c=4(a+b+c), this easily leads to the given identity. 


a 





We have 





528. [K.20.e.] Jf in a triangle a, c and C are given, and b,, b, are 
the two values of the third side, and r,, ry the radii of the two inscribed 
circles, prove that 


(i) (7!—cot 3) (72—cot 0) =1 : 


(ii) 77,=a(a—c) sin? . 
(i) Since in any triangle <=cot $B+cot $C, with similar formulae, we have 


(3 —cot +c) (° —cot 4c) =cot$A,.cot$A, 
1 2 
=1, since $4,+4$A,=90". 


(ii) Using the same formulae, 


pa C+A, 
C A, C A, = 
9g ~ cot >" =cot 5 — tan ao 


a-c 
—=cot 
1s 


ae 
eek etl, i 


sin B, 
= 2 


Y 
ott ie 
sin — cos — 
2 9 


2 


cos 4t 
a B "2 
—=cot —!+cot== , 
and r, cot > +c00t 5 =F we. 
sin 5 sin 5 


whence the result follows. 
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529. [K.20.e.] Prove that if 
cos A=cos Osin h, cos B=cos p sin, cos C=cosW sin@ and A+B+C=r7, 
then tan 0 tan p tan =1. 


Since 1— cos?.4 —2cos A cos Reos C=0, 
we have 1—Xcos*@sin’}—2sin Osin dsin Wy cos 0 cos fd cos W=0. 
Now 
1—cos*@ sin*p=1 — S sin?6+ > sin?O sin’ 
=(1—sin*@)(1 —sin*)(1 — sin*y) + sin? sin*¢ sin’. 

Hence the above takes the form 

(sin @sin > sin  — cos 6 cos ¢ cos y)?=0, 

ie. tan Otan d tan y=1. 

530.! [L.2.¢.] Prove that the locus of the poles of chords of the circle 
2 +y?=a? which subtend a right angle ut the fixed point (h, k) is the circle 
(A? +k? — a*)(2? + y”) — 2a*hax — 2a*ky + 2a*=0. 

The polar of (X, Y) is eX¥+y¥=a*. Transferring to (A, #) as origin, 
this becomes 

eX +yV=a?-hX-kY, 
and the equation to the circle is now 
x+y? + Dhat Qhy +h? + We — a2=0, oo. cececeeseeeceeeees (ii) 
The lines joining the origin to the intersections of (i) and (ii) are 
(a? +y")(a?- AX -—kYV)+2(hat+ky)(e#X+yV)(a?-hAX-kY) 
+(h?+i? —a*)(xX+yV)=0. 


Writing down the condition that these are perpendicular, we get the 
required locus of (X, Y). 


531. [L'. 10. 4.] Chords of the parabola y*=4ax are drawn through the 
fixed point (h, k). Shew that the locus of their middle points is the parabola 


y(y - &)=2a(x—-h). 


For the intersections of the line 


ond U7 
cosO) sin 
with y?=4az, we have (rsin 0+y'=4a(r cos 6+ 2’). 

If (z’, y’) is the middle point of the chord (i) the values of 7 given by this 
equation will be equal and opposite ; 

“. y'sin 0=2a cos 6. 

Hence if (i) passes through (/, &) we have 

oy (k-y)=2a(h—-2’), 
i.e. the locus of (2’, 7’) is y(y—k)=2a(x—h). 

532. [R. 4.a.] A rod of length 2a rests on a smooth vertical circle of 
radius b, one end being attached to a string, to the other end of which is 
tied a weight which hangs down over the circle. The distance of the point 
of contact from this end of the rod is na. Prove that in the position of 
equilibrium the rod makes with the vertical an angle 


tan-*{ Son : \ 
(1—n)(b?—a2n?)J° 
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Let A be the upper end of the rod, @ its middle point, V the point of 
contact with the circle (centre 0), a the angle AON, @ the angle the rod 
makes with the vertical. Then if ON and the direction of the string meet 
in K, GK is vertical. 


A AN tanAKN cot2a 


GN tanGRN cotd 


na ; ae _ ® 2Qnab 
But tana=—; & tan 0=>—— tan 2a=;— + 5 Bah? 


R. 7. a.] The base angles of a smooth we eareaand B, and its mass 

wo particles of masses m and m' are let fall sim taneously — 
i. vertex down the two faces. Prove that the wedge will move on the smooth 
horizontal plane with which it is in contact with acceleration 


$9(m sin 2a —m’' sin 28)/(M+m sin? a+m’ sin? B). 


Let f,, fo be the accelerations of m along and 2 prone to the face of 
the wedge ; ; fs, f, those of m’; f the horizontal acceleration of the wedge, 
Rand R’ the pressures. 


Then mf,=mg cos a — R, m'f,=m'g cos B— R’, 
f.=fsina, f,= —Ffsin B, 
Mf=Rsina— RP’ sin B 
=m(g cos a—fsin a) sin a —m’'(g cos 8+/sin B)sin B, 
giving the required value of 7. 

534. [R. 7.a.] If the unit of vis viva be that of a train of mass m tons 
moving with a velocity of v miles an hour, the unit of power that of an 
engine of horse-power h, and the unit of force the weight of n tons, prove 
that the unit of mass is 

(=- FS 
m —-) tons. 
to.) OUR 
With the usual notation, we have 
[M’)(L'P(7’}-2=2240m. (220)? . LA [ZPL7}, 
[M’)[L'P[7’}° =32 x 550k. [M)[ZP(TT, 
and (2)[Z)] (T’}*=32x2240n. [M)[Z) (TT. ................ (iii) 


Multiplying (i) by the square of (iii), and dividing by the square of (ii), 
we get the required value for [/’]. 


535. [L'. 10. b.] PG@Q is a chord of a parabola meeting the axis in G. 
Prove that the distance of G from the vertex, the ordinates of P and Q, 
and the latus-rectum are four proportionals. 


We have AG—-AM: AN-—AG=PM: QN, where PM, QN are ordinates. 
comes (AG- AM): (AN- AGP=AM: AN 
=2AM.AG:2AN. AG, 
whence AG?+AM?: AN?+AG2=AM: AN; 
. AG?+AM*?: AN?-AM*=AM:AN-AM; 
. AG?+AM*?=AM(AN+ANM), 
te. AG2=AM. AN. 
The above property immediately follows. 
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536. [I. 3. b.] Shew that the 42nd power of any number which is not 
a multiple of 7 is of the form 49m+1. 
Let V be the number. Then by Fermat’s Theorem, 
NV&—1=M(7), 
te. NS=im+1; 
. NV®=(7m+1)' = M(49)+1, 
by the Binomial Theorem. 


537. [K.20.e.] Prove that the ratio of the area of the triangle formed 
by the points of contact of the inscribed circle of a triangle ABC to the 


area of ABC is half the ratio of the radii of the inscribed and circumscribed 
circles of the triangle ABC. 


‘ Let ZL, M, N be the points of contact. Then if A’ is the area of LVN, we 
ave 


PE eee te a 
A’=57. 2sin 4 =2r*cos > cus 5 cos 5 
and A=2f?sin Asin Bsin C. 

Also r=4Rein 4 sin 2 sin © 


From these we at once get i 
538. [K. 20. d.] If cot 2a+cot2B8+cot 2y=0, shew that 
cot (B+y)+cot(y+a)+cot (a+ B)+tan atan B tan y 
=cot a cot 3 cot y + cot (B+ y) cot (y+) cot (a+ B). 
The given condition is equivalent to cos 2(a+8+y)=II cos 2a. 
ie _cos2(a+B+y)__ I1cos2a rs 
Also II cot(B++y)-— Zcot(B+y) Iisin(B+y) ~sin(B+y) 
Now = “5 =1-—tan?a, 
cosa, 
Hence, putting tana=z, etc., the above expression is equivalent to 
I1(1 -2*)_(1+g-(p+r? 
II(y+2) ss. 
where 2, y, z are the roots of #—pt?+qt—r=0. 
But the given condition is Dyz(1—.«?)=0 or g=pr. 





— y?)(1 — 72 
Hence the expression above is en =r—- : =I] tana—T] cota. 


539. [L'. 10. b.] Jf tangents be drawn from points on the line x=c to 
the parabola y*=4ax, shew that the locus of the intersection of the corre- 
sponding normals is the parabola 


ay? =c?(x#+c— 2a). 
The intersection of the tangents at m and m’ is the point amm’, a(m+m’), 
and the intersection of normals is 
a(m?+mm'+m)+2a, —amm'(m+m’), 

Now amm’'=c, and therefore putting m+m’=A, the latter point is 

a=a(a? - ©) +2a, 

a 

y= —cxr. 

Eliminating A, the result follows. 
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540. {t'.17.e.] Tangents are drawn from any point on ¥+G=4 to 

e+Gel; prove that they form with their chord of contact a triangle whose 
paar is on the latter conic. F 

The abscissae of the intersections of “= ee 1 and A are 


werent af 
determined by the equation 


xv (5 ¢)-= 2a! 
a*\ a? ae -% ;=0. 
2. a 
If x... are the roots of this equation, and if 2’y’ lies on “ot pots we 
have 7,+.7.=43«’. Hence, if (x, y) be the C. of G., 


t= 4(a, +29 +2’) = $2’, 
Similarly, 7 = $9’. 
7 gre 
oth i(S+)= A 
541. [R.7.b.y.] Jt is required to throw a projectile from a given point 


below a given plane whose inclination to the horizon is a, so as to strike 


the plane. Shew that the velocity of projection must exceed (2gc cos a)?, where 
c is the distance of the point from the plane. 


Taking the point of projection as origin and @ as the angle of projection, 
the equation to the path is 


y=ax tan 6- 49. 


and that to the line of the plane is, 


2 
V2 cos? @ 

FOE FCM GD, i. ss evnshececcsseces nsec otseesccsees (ii) 
For the intersections of (i) and (ii), 


49. Viooatgt @(tan a—tan @)+cseca=0. 


Hence, if the intersections are real, 


(tan u —tan 6)?> pr ng Seca 


cos? a 
sin?(a— 6) 


Now, sin(a—6)}1. Hence, @ fortior’, V? > 2cq cos a. 


or V?>2cgseca. 


542. [K.20.d.] Shew that 


Qr 43 87 
C08) 5 +008 T= +008 = 


The given expression is 


87 67r 67 os 2 
2 cos == co Sip t2cos Tee Sip 


2.008 = (cos #7 +008 2” ) = sen 2 08 = os = 
ee 15 15 eo SS 


_9 V5-1, /5+1_ 


=2cos "cos 7 ; 3 
7 5 4 4 2 
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ea 20.e.a.] The inscribed circle of a triangle ABC touches the sides 
at D, E, F, and I is its centre. 


Circles whose radii are p,, pz, ps are inscribed 
in the quadrilaterals IEAF, IFBD, IDCE: prove that 


—... 4_%..g PiP2Ps ' 
T—Py TP, T—ps (r—p,)(r—p2)(7— ps) 
If the first circle touches JE in V, we have 





r=[E=IN+NE=p, tan +p, ; 


, =cot 5. 
r—p; 2 

: po we 
But since a*3*a" 


T 
>? 
-_ A A h _ 
2cots =I] cot 5 Whence, etc. 


544. [L!. 10. a.] Two tangents t, and t, are drawn to a parabola; h is 


the internal bisector of the angle between them, and t is the tangent parallel 
to h. Shew that the product of the 


erpendiculars from the focus on t, 
and t, is the same as that on t and h., 


Let the tangents ¢, and ¢, be 


#08 a, +7 sin a,+a sin a, tan a,=0, 
2 COS dy +7 SIN Ag+ SIN ay tan ag=0, 

the equation to the parabola being ¥?=4az. 
Then the equation to h/ is 


a, +a, . a +a, a(sina, tan a,+sin a, tan ay) 
xeos 152 + y sin “IF + (sin a, tan a, _tan a, 





=), 
GQ, -- a. 

2 cos — . 2 
and to ¢ is 


a,+ 


a. - a+4. ‘ 
xcos* > 2+4ysin a 24a sin 


a, + a. a,+a, 
1 tan +? =0. 
2 © 


The perpendiculars from (a, 0) on these lines are respectively 


a@ sec ay, cos - 


~ 


a,+a, . sina, tan a,+sin a, tan a, 
ASeC As, a 1 34. 1 1 — 





5 a, — a 
2 cos —1-__? 


a, + a, 
and asec —! = 2 


and the product of the two latter is 


» Sec a, +sec a, 
=a’. — 
COS @, + COS ay 


, sin a, tan a, +sin ay tan as 
a(1 a 1 at = *) 
COS @, + COS Gy 


= a? eC A, SEC Gy. 


545. [R.7.a.] Jf weights W, nW move on two inclined planes and be 
connected by a fine string passing over the common vertex, the angles of 
inclination of the planes being a, B respectively, prove that their centre of 
gravity describes a straight line with uniform acceleration 

nsin B—sina, » 4 
~iees n?+2n cos(a+B)+1}°. 
aes (a+B)+1} 
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If f be the common acceleration, we have 
ees f : 
= f=Wsina-7T, ™ " .f=T-nWsin B ;y 
9 g 
- * (sin a—nsin B)q 
F n+1 
fsina—nfsin B 
n+1 ; 
..»- horizontal fosstafmee 
n+1 i 
Since these are both constant, the C. of G. describes a straight line with 
acceleration 
f 


n+1° 


The vertical acceleration of the C. of G. is 


/(sin a—n sin B)?+ (cos a+ cos By, 
and the given result at once follows. 


546. [R. 7. b. y.] A particle projected with a given velocity from a point 
on a horizontal plane strikes normally at P a vertical wall at distance a. 
Shew that if b is the vertical distance between the possible positions of P, 
and c is the height to which the particle would have eval if projected 


vertically, then 
% a?+B=e’, 
v*sin?a vsin a cos a 

We have = rae One =a, v=2gc, 


whence the possible values of / are the roots of 


h h a a? 
dng iy pnd Pol 2_ ie 
(1 ) ja or h ch+—=0. 


c c 
Hence, since b is the difference of the roots, 


B=c- a’. 


547. [D. 2. a.] Sum to n terms and to infinity the series 


4.6 6.8 8.10 


1.3.7.9'3.5.9.11'5.7.11.13*"" 





(2n+2)(2n+4) 
(2n —1)(2n+1)(2n+5)(2n+7) 


me [ 2n(Qn +2)(2n +4) ___ (2n+2)(2n+4)(2n+6) ] 
~ 2L(2n—1)(2n+1)(2n+3)(2n+5)  (2n+1)(2n+3)2Qn+5)(Qn4+7)1° 
Hence, the sum of terms is 


af 2.4.6 —__ (2n+2)(2n+4)(2n+6) 
2L1.3.5.7 (2n+1)(2n+3)(Qn+5)Qn+7)1’ 


and the sum to infinity, since the series is evidently convergent, is 


8 


The n™ term is 











3° T-S.6.7 
c2 
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548. [K. 20.4] Jf 4+B+C=7, y-B=2r-A, B-a=2-C, prove that 
sin A cos 2a+sin B cos 2B +sin C cos 2y 
+(sin A+sin B+sin C)(cos B+y+cosy +a+cosa+t B)=0. 


Since A=r+B-y, C=#+a-B; -. B=-r+y-a. 
The coefficient of sin A in the given expression is 


cos 2a + > cos(B+y)=2 vos (a+8*7) cos (.-857) 


B r) B-y 
+2008 (a+ 5) cos 3 


™ B+y) a-y .2-B 
=4008 (a+ 2 cos —> cos ,) 


Bty\.. B.. C 
= -4c08(a+8*7 sin 5 sin 3- 


Hence, the expression contains as a factor, 


A 
cos 3 008 (a+ 8+), 


te. Dsin B-y cos (« + Pt7), 
2 2 
and this expression vanishes identically. 


549. [K. 20.¢.] On the sides of a triangle as bases are described internally 
three isosceles triangles with base angles 0. If the triangle formed by their 
vertices ts similar to the original triangle, then 


sin A sin B sin C ; 
1+ cos A cos BcosC 
If A’BC’ be the triangle formed, then 
A’ B?=}sec? @[a? + b? —- 2ab cos(C —26)] 
=}sec? O(c? +4ab sin 0 sin(C— 6)]. 
Hence, if the triangles are similar, 
c?+4absin @sin(C—6) c bsin(C- 6), 


8+ 4ca sin Osin(B— 6) & csin(B-6)’ 
. sin’ Bsin(C— 6)=sin* Csin(B- 9), 
tan B tan C(sin? B —sin?C) 
sin? B tan B—sin?C tan C° 
The denominator is tan B—tan C—}(sin2B-—sin2C). Hence, dividing 
numerator and denominator by sin(B—(C), we have 


tanBtanCsinA _ sin Asin Bsin€ 
+cos 4 1 +008 4 cos Beos C” 
cos B cos C 





tan = 


whence tan 0= 





tan @= 
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550. [L?. 10. b.] Jf the normal at P to a parabola meet the curve again 
in P’ and the normals at P, P’ make angles a, a’ with the axis, prove that 


3 cos a’ + cos (2a —a’)=0. 
The condition that the chord m, m’ of y?=4axr should coincide with the 
m 1 


normal at m is — = ————.. 
2 m+m 


Since m=tan a, m’=tan a’, this becomes 
sin a sin(a+a’)= —2cos?a cos a’, 
7.e. cosa’ —cos(2a+a’)= —2(1+ cos 2a)cos a’, 


ze. 3cos a’ +cos(2a—a’)=0, 


551. [L1.17.a.] Shew that the four common tangents of the ellipse 


th =1 and the rectangular hyperbola xy=c* are the lines 


{4c2x* + a? (2axy — 4c”)} {4c?y? + b?(Qay — 4c?)} + (b%x? — a®y?)?=0. 
Any tangent to the hyperbola is of the form 
ma —2me+y=0, 
and this will be a tangent to the ellipse if 
PPE, Spite tics cegegeete (ii) 
We have therefore to eliminate m between (i) and (ii). Now, from (i), 
(m@x+y)?=4e?m?, 


te. miz*+- (Sry — 4c*)mP+ 2 a20, .......ccsccaccsccsceseces (iii) 
From (ii) and (iii), 
ms be Mc) = 1 
— 4c%y? — b°(Qary — 4c?) b*x? —a*y* a? (Qary — 4c*) + 4c%x?” 
wheuce the required equation follows. 








552. [R.4.a.] A cylindrical ruler of radius 2a and length 21 rests 
on @ horizontal rail with one end against a smooth vertical wall to which 
the rail is parallel. Shew that the angle the axis of the ruler makes with 
the vertical is given by 


(1 sin 0+. cos 0) sin? 90+2acos O=b, 
where b is the distance of the rail from the wall. 
Let A, WV be the points of contact of the ruler with the wall and rail 


respectively, and draw NO, AO 1" to the axis of the ruler and the wall. 
Then O must be vertically beneath the C. of G. of the ruler. Hence 


OA=l/sin 0+acos 8, 

ON=O0A cos 0 —2a=/sin 6 cos +4 c0s*6 — 2a ; 

.. b=0A-—ONcos 6 
=lsin 9+acos 6 —(/sin 6 cos 8 +a cos?6 — 2a) cos 6 
=/sin®@+a cos 6 sin?@ + 2a cos 6. 
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553. [R. 7.a.] A smooth wedge, whose section is an isosceles right-angled 
triangle, rests on a perfectly smooth table, the hypotenuse being in contact 
with the table. Two masses m,, mz are attached to the ends of a string, 
which passes over a very small pulley at the summit of the wedge. Prove 
that the wedge moves on the table with acceleration 


(m,—m,)g 
2M+m,+m.’ 


where M is the mass of the wedge. 


Let f,, fo be the accelerations of the masses perpendicular to the faces of 
the wedge, f the horizontal acceleration of the wedge, 2 and #’ the pressures. 
Then 


1 
m ey — ted 
19 /2 


1 : 
M9 ya R=mMfo, 


From these R=m,(9—-f). a R=m,(g+/f). a, 
2 V2 


whence (iii) gives the required value of 7. 


554. [K.2.e.] Two circles are drawn touching the sides AB, AC of a 
triangle ABC at the ends of the base BC and also passing through its 
middle point D. If E be the other point of intersection, prove that 


DA: DE= DC. 
Since  BED=B and CED=C; .~. BEC=180°—A, we. E is on the circle 
ABC. Produce AD to meet this circle in F. Then .BFD=C=CED. 


Hence evidently / must be the reflection of # in the line through D {' to 
BC, ie. DE=DF. But AD.DF=BD.DC; -. AD. DE=DC*. 


555. [D. 2. a.] Shew that the expression 
r=n a,™-1 


= (Gy — @y) (4, — Ag)... (hp — Mp1) (Ap — p41) «+ (Ap — An) 





ts equal to zero if m<_n, to unity tf m=n and to a,+a_+...+n if m=n+1. 


If m<n, we have 
az” _> a,” . 1 
(a —a,)(%—-g)...(U—Gn) 2) (ap —M)...(Ap— Gn) 2 —O, 








Putting +=0 in this identity the first result follows. 
If m=n-1, this may be written 
r=n a -1 r=n a,” a -1 
1-“) = a. See (1-*) - 
i ( vc 2. (dy — @,)...(@p — An) x 
Expanding each side, and equating the absolute terms and the coefficients 
of 1 we obtain the other two results. 
Pe 
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556. [K. 20.e.] The altitude of the top of a mountain observed from 
three points A, B, C forming a triangle in a horizontal plane is a. Shew 
that its height is “ 
5 fan a. cosec A. 


If there be a small error n” in the altitude at C, the true height is nearly 


cos C sinn” ) 
sinAsinB sin2a 


$a tan a cosec A (1 + 


Let O and O’ be the projections of the top of the mountain in the two 
cases, 8o that O is the circumcentre of ABC, and OO’ is perpendicular to AB. 
Let 00’=6, and let A and h+. be the two heights, so that 6 and x are both 
small. 

Then h=OA tan a=$a cosec A tana, 


h+x2=O0'Atana=O0'C tan (a+n’). 
Now 2 AO0A’=180°—C and CO0’=A-B. 
Hence, neglecting &, we have 
O'A?= R?+2R8 cos C 
=(R+6cos C)? — & cos? C, 
O'C? = R? —-2R8 cos(A — B) 
=[2 —6 cos (A — B)P — & cos?(A — B) ;sx 
. OA'=R+8cosC, O'C=R-Scos(A—B). 
Hence x=6cos Ctana=[R-6dcos(A— B)] tan(a+n")— Rtan a. 
But tan (a+n”)=tan a+sec’a. sin x” approx. 
. 2=8cos Ctan a= Rsec’a. sin n” — Stan acos(A —B), 
and eliminating 6 the given result follows. 


557. [K. 20. 4.] Prove that 
sin sin cin e.. 
14 14 14 8 
Let v=sinasin3asin5a. Then 
4x cos a=2 sin 2a sin 3a sin 5a 
=(cos 3a — cos 7a) sin 3a 


=cos 3a sin 3a if a=753 


F , : =. 
. 8x£c0sa=sin 6a=cosa, since la=5 ; 
. em}. 


558. [K.20.¢.a.] Shew that the equation of the five sides of a regular 
pentagon, when the origin is at the centre of the inscribed circle and the 
axis of x is perpendicular to one of the sides, may be expressed in the form 


5 (a? +y*)?(a — x) — 20(a? +. y*)(a3 — 23) + 16(a5 — 25) =0. 
The equation to the five sides in polar co-ordinates is 
m=4 
II | rcos (0-25) -a |=0. 


m=0 
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But if a=r cos ¢, this is 
* TL {cos (9-2) — cos ¢\ =0, 
m=0 5 J 
ze. {cos 56 —cos 5h) =0. 
Now, cos 56=16 cos® § — 20 cos? +5 cos 6. 
Hence, since rcos 9=., and 7?=.?+y?, the equation is 
16(a§ — x5) — 20(2? + y*)(a3 — 2*) +5 (227 +7*)(a-x)=0. 


559. [L'.4.a.] The tangent at P to the hyperbola ¥-5-1 meets the 


lines y?=c? at the points Q@ and R. Shew that C can be chosen so that 
CP bisects the angle QCR for all oT of P on the curve. 
- 


If P is (z’, 7’), the tangent at Pis% fs 


= 1, and the equation to CQ, CR is 


Hence the equation to the bisectors of the angle QCR is 


2 a2 ey 
SEY (at y+ (Se -41) ay =0, 


and these will coincide with (xy’—ya’)(xx' + yy’)=0, 
provided r( a ) = 9/2 — 7/2, 


pd a’ bf 


te. if c? (3+ n= remembering that (2’, y’) is on the hyperbola. 


560. gee & A uniform rod APCQB of length 2a rests horizontally 
under a smooth peg P and over a smooth peg %. C is a fixed point m 
the rod distant c from A. Shew that the pressures on P and Q are greatest 
when P is under A, the pegs being he in such a way that 


PC. CQ=(a-c)(a+e)1c*. 
Let # be the pressure at P, W the weight, and let PC=x, CQ=y. 
Then, taking moments about Q, we have 
R(x+y)= W(a-c-y) 
—c¢ 


or, since ay =o. é, R= W(a-c). i 


(at+c)a-—e 
(a+c)x2+(a—c)c?" 
(a+e)x—c? 


(a+c)a*+(a—c)c? 
the quadratic giving x has equal roots. This quadratic is 


(a+c)z. 2° -(a+c)a+[(a—c)z+1]e=0 
and the condition for equal rootsis  4[(a—c)z+z]eP?=a+e 
or (2cz—1)[2c(a—c)z+(a+c)]=0. 


For the problem in question we require a positive value of z, viz. <2, and 
c 


is a maximum or minimum when 





Now the fraction z= 


the corresponding value of x from (i) is do 1.6. 2=c. 
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561. [R. 7. b. y.] Two heavy particles are projected from a point with 
equal velocities, their directions of projection being in the same vertical plane: 
t, ¢ are the times taken by them to reach the point of intersection of their 
paths, and T, T’ the times to reach their highest point. Shew that Tt+T't’ 
as independent of the directions of projection. 

The horizontal distance of the point of intersection of the paths is deter- 
mined by the equation 


= , a —_—__ 

ztana—4$qg. weosta =” tana 49. @eosta’? 
; x 

whence a(tan a—tana’)=49. za(tan? a—tan*a’), 


2 
Ze, tana+tan a’ in 
gu 


£ usin a x 
t= , f=— ; .. Tt=-tana, 
u cos a g 


2 
1.6. Tt+ Tt = (tan a+ tan a’)= = 


562. [K.1.¢.] From a point M in the side BC of a triangle ABC 
lines MB’, MC’ are drawn parallel to AC, AB meeting AB, AC in B and C’. 
The lines BC’, CB’ intersect in P and AP intersects B'C’ in M’. Prove that 


M'B : M'C'=MB: MC. 
Since PY’A is a transversal of the A BC’B’ ; 
_ BM OP BA _ 
OC PB Aas 
BM’ C'P BC 
H'C’ PB CM 
and since CPB’ is a transversal of the A AC’B; 
CP BB’ AC 
FB. BA. CC 
As iow, sasscocssncasnaeadontsacinn (ii) 
PB MC CM 7 
BM’ _BM 
MC MC 
563, [A.3.b.] Find the relations connecting the roots of two quadratic 
equations ax?+22br+c=0, a’'x*?+2b'x+c' =0, 
which correspond to the relations 
(i) ac’ +a'c—~2bb' =0. 
(ii) (ac’+a’c — 2bb’)? — 4(ac — b?)(a’e’ — b) =0. 
(i) The relation in the roots is 
2a'B’ + 2af - (a+ B)(a' + B’)=0, 
which is equivalent to (a’—a)(@’ —B)=(B-—2a’)(B’ — a). 
Now let OA=a, etc., be the distances measured from an origin 0, so that 
a’—a=AA’, etc. Then from the above relation 


4A’_AB 
A'B BB’ 
i.e. A’ and B’ are harmonic conjugates to A and B. 


1, 


i.e. =1, 


= a 
2.€. 


From (i) and (ii) it follows that 
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(ii) The equation (a+Aa’)2®+2(b+Ab’)x+(e+Ac’)=0 
will have equal roots if (a+ Ada’ Ko+Ac)=(D+ADP. ..cceeceececseeeceeeeceeceees (2) 
This will, in general, give two values of A, but if the given equations have 
a common root there can only be one value, since both the equal roots of (1) 
must be equal to the common root. But the given relation is the condition 
that the equation (2) has equal roots in A, and it is therefore the condition 
that the two quadratics have a common root. 
564. [D. 2. b.] Sum the following series 
(i) 1.2.44+2.3.5+3.4.6+... to m terms, 
(ii) 2+5+12+ 31 + 86 + 249+... to n terms. 
sie a, a(a+1) , a(a+1)(a+2) 
(ii) 1+5 +5641) + B(o+1)(6 +2) 
(where b>a+1). 
(i) Sn(n+1)(n+3)=>(n? + 4n?+3n) 
{sit yy Qn(n+1)(2n+1) , 3n(n+1) 
= + + 
2 3 2 
= hn(n+1)(n+2)(8n+13) on reduction. 


+... to infinity 





(ii) The n™ term isn+3""; .. 8,= 2249) 4 4¢3"- 1). 


(iii) In the identity a,(1—a@)+a,a2(1—a3)+...+@,a9 ... @n_1(1 — Gn) 
= A, — Aq... An, 
a+l1 a+n—1 
put a,=a, ar a sees mt ee y 


Now, since b>a+1 these quantities are all proper fractions, and therefore 
the product a,a,...a, can be made indefinitely small by sufficiently increasing 
n. ence, denoting the sum to infinity of the given series by S, we have 


(b-—a-1)(S-1)=a; 


aa oe 
= ie OS 


565. [K.20.d.] Shew that 
8 sin(A +B) sin(B+C) sin(C+ A) sin(A — B) sin(B—C) sin(C— A) 
+ cos 4A sin(B-—C) sin(B+C)=0. 
Since 2a"(y —2)= —(y-2)(2-2)(x-y) 5 
“. 2(2a*-1)(y—2z)+2(y—-2)(2-2)(x@-y)=0. 
Putting z=cos 24, etc., the result follows. 
566. [K.20.e.; B.1.a.] Jf A, B, C be the angles of a triangle prove that 
cos(A+2B) cos B cos C 
cos.A cos(B+2C) cos C 
cos A cos B cos(C+2A) 
We have bcos B+ccos C= AR(sin 2B+sin 2C)=2R sin A cos(B-C), 
i.e. —acos(B—C)+bcos B+ccos C=0. 
Similarly, acos A —bcos(C— A)+ccos C=0, 
acos A+b6cos B—ccos(A — B)=0. 
Eliminating a, b, c the result follows, since A+2B=180°+(B-(), etc. 
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567. [K. 8.a.] Prove that the equation to the line joining the middle 
points of the diagonals of the quadrilateral formed by the lines 
ax*+2hey +by?=0, a'(x—a)?+2h'y(x¢—-a)+b'y?=0 
is (ah’ — a’h)(2x" — a) +(ab’ —a’b)y=0. 


Let the first pair of lines be y=M2,.......0...c0c000 (i), y=m'2, 
and the second pair y=p(r—a), (iii), y=p'(v—-a). ...... (iv) 
The intersection of (i) and (iii) is Y_7__P* and so for (ii) and (iv). 
mil p—-m 
Hence the middle point of the diagonal (i, iii) (ii, iv) is 


r=3(—! pa. pa ) 
“\p-m tam , 


mya , m'p'a ) 
y= (2 pm pm ; 
Whence 
San etic mm’ Qy = (m+m') mp’ — (m+ p’)mm 
(u—m)(p—m’)** (u—m)(p’ —m’) 


, 


C nS 
Qr-a b 6b ab—ab’ 








dy th a Ba 2al’— ath) 
6 8 b 
i.e. (ah' —a’h)(2u—a)+(ab’—a’b)y=0. 
Similarly, the middle point of the other diagonal lies on this line. 


ee [u.17.a.] Jf a chord of the ellipse 2+ <5=1 touches the hyperbola 
ee Y=1, shew that the locus of its middle point is 


a® 6b 
g2 yf\2 of x2 
(ath) -3-F 
The line 2x+my=1 will touch the hyperbola if 
a7]? — b2mF=1, ..0..ccccceee pibibonsesuebéssetancances (i) 


Also the line meets the ellipse where 
mx?  (1—lx)? 

a 

and the co-ordinates of the middle point of the chord are 
l 
ae a*l eS. oe 
A a se a 
ate 


=m?, 





oe 
"a2" BB? + al? 


2 PF @@P-Vmt  1 ae 
- a 2 (62m? +a)? (b*m? +0712)” by @). 


Hence the locus of (%, 7) is as given. 
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569. [R.4.a.] A uniform beam, of weight W, can move freely in a 
vertical plane about a hinge at one end A: to the other end B a string is 
fastened which passes over a small fixed smooth pulley vertically above <A, 
and supports a weight w at the other end: prove that the beam can rest 
inclined to the horizontal at an angle whose sine is 


5 (1-45) a 
2a\'— Ww) ta? 


where u is the length of the beam, and 1 the height of the pulley above A. 
If the beam makes an angle 9 with the horizontal and the string an 
angle ¢ with the vertical, we have, taking moments about A, 
w.lsing= W.5cos : 


with the geometrical equation, 
a l—asin@ 


cos(9—) sind cosOcosd 


2 at 7 
wilta?= W?.— cos?d [or Coser , 
4 cos?@ 


Hence, from (i), 


4w*l? 
We 


giving the required value of sin 0. 


= —2alsin 0+<a?, 


570. [R. 7.a.] A particle of mass m slides down the rough upper face 
of a wedge of mass M and angle a. The lower face of the wedge is smooth, 
and can move on a smooth horizontal plane. Shew that its acceleration is 

m cos a. sin (a—e) 
M cose+m sin a sin(a—e) 





-9s 


where € is the angle of friction. 


Let fj, fi be the accelerations of the particle along and perpendicular to 
the face of the wedge, f that of the wedge horizontally. Then 
mg sina —pR=mf,, 
mgcosa—- R=mf,, f.=fsina, 
Rsina—pRcosa=WMf. 


Rsin(a-e" ; i ~ , 
cose Mf, §~R=mg cos a—mfsin a. 


a [ A+ msin «inte <9 | f= mg cosa. =e-9 
COs € COS € 


From these, 


giving the value of f. 


571. [R.7.b.y.] If t and ¢’ be the times of flight of a particle corresponding 
to a given range on an inclined plane of angle a, shew that 


; a 
24724201 sina=a 


where uis the velocity of projection in each case. 


Let 6 be the angle of projection and 7’ be the time of flight in either case, 
R the given range. Then 
ucos 6. 7'=Rceosa, 


usin 6. 7-—497T?= Asin a, 
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whence wT? = R?cos*a+(Rsina+$g7?), 
te. $9774 —(u?-gRsin a) 7? + R?=0. 
The roots of this quadratic in 7” are ¢? and ¢?; 
4(u*—gRsin a) 


. @+2= e 


b 


2R 


i) ae. ; 
lie 2.e t¢ =— 


ncaa pte 4u? 
From these, 472+ 2¢tt’sina= - 


572. [K.11.e.] Three equal circles are drawn each touching the other 
two externally, and a fourth circle is drawn touching each of the former 
externally. If tangents be drawn from any point on the latter circle to the 
three former, shew that one of the three is equal to the sum of the other two. 


Let O, O, be the centres of the larger circle and one of the smaller ones, 
B, the point of contact, A the point from which the tangents are drawn, 
AP the tangent, and let AB, meet the smaller circle again in Z. 

Then L0,LB,=0,B,L=OAB,; -. O,Lis parallel to OA ; 

. AP*?: AB?=AB,. AL: AB?=AL: AB,=O00, : OB,. 

Hence, evidently, if AQ, AR are the tangents to the other circles, B,, B, 

the points of contact with the larger circle, we shall have 
AP; AB,=AQ: AB,=AR: AB. 

But the AB,B,B, is evidently equilateral, and therefore by Ptolemy’s 

theorem, supposing A to lie between B, and B;, 
AB,=AB,+ AB, ; 
. AP=AQ+AR. 


573. [A. 1. b.] If a+b+c+d=0, a?+b?+c?+d?=0, shew that 
a8 +8 +c8+d8=}(at+b'+ch+dt), 
From the data, 
(1 —ax)(1 —bx)(1 —cx)(1—dx)=1- px? + qa. 
Taking logarithms and expanding, we have 
n b” n a” 
>» ret ere 2" = (ps3 — ga*)+4( pas —gatP+.... 
Equating coefficients of 2* and 3, we have 
Lat aS ‘ 
= ee, a te 
*. Zab=}(Zat}* 
574, [A.1.b.] Simplify the expression 
(a—«x)(a—-y)(a—2) , (b—2)(b—y)(b-2) 
a(a—b)(a—c)(a—d)  (b—a)(b—c)(b—d) 
(c—«)(e—y)(e—2) , (d—-x)(d—y)(d—2z) 
c(e—a)(e—b)(e—d) d(d—a)(d—b)(d—c) 
By the ordinary rule of partial fractions, 
(t-x)(t-y)(t-2)_ _y(a—x)(a-y)(@-2) 1 


(t—a)(t—b)(t—e)(t-d) ~(a—b)(a-c)(a—d) t-a 

Putting ¢=0 in this identity, we see that the given expression is equal 
to “97 

abcd 
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575. [K.20.4.] Jf lm+mn+nl=1, deduce from trigonometrical considera- 
tions that 
1 1 1 2 


ee —a~ of Fame ee — i. A a 4 a 
mn(1+0) © nl(1 +m) © im(1 +n?) lmn(1 +P(1 +m)*(1 +n?) 





If tan a=/, etc., the given condition implies 
tan(a+B+y)=o, we. a+B+y=(n+1)5 ; 
*. Zsin 2a=4 cos acos B cos y, 
cos a 
sin 6 sin y 
~ scot Beoty _2cotacot Beot y 
“seca —-—- secasec Bsecy’ 


1.€. =2 cot a cot B cot y 





whence the given result. 


576, [L!.17.e.] The rectangular hyperbola xy=c? is cut by a circle 
passing through its centre C in four points P,, Ps, Q,, Q2. Prove that if 
p and q be the perpendiculars from C on the chords P,P, and Q,Q., then 


pqy=c". 
Since the circle passes through the origin its equation is of the form 
ay —c?+c7(lx+my —1)(l’x+m'y- 1)=0, 
and the conditions for a circle are 
W=mmn', c(lm'+l'm)+1=0. 


1 2 





But 


1 1 
PI Je+ ml +m? Ji — mm’ + (im +m Ni 
a 


577. [L'. 5. a.) If the normal at a point P of a conic cut the axis in 
G,and N be taken on the axis so that NG=PG, and NP be the ordinate 
at N, then P’N is the difference of the focal distances of P and P’. 

Here P@=SP?+ SG? -28G4 .SM =(SE+SN), 
where PUY is the ordinate ; 

. SP?-SN?2=2S8G. MN, 
ae. SP?-—§P2+ P’N2=28P.MN 
=2SP(SP-S'P); 
. P’N?=(SP-S'PY. 


578. [B.1.a.] Shew that 


1 1 
wnt b+F, | 
1 |_2(be—a)(ca — b)(ab —c)(abe — 1) 


r= 
a a*b*c? 





2, 
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The expanded form of the determinant is 


1 1 1 1\2 
8+2(a+1)(s+3)(c++) —-2.> (a+1) 


1 soe 5A os =4) 
ae a ae 
a 


l 1 
ef ps2 a5 *_ = 
me 2(1 “be “a? aa) abe " 


-2(1-£)(- (0g) 


579. [K. 20.e.] The angles of a triangle are determined from measure- 
ments of the sides which may err in excess or defect one per cent. of their 
value. Shew that if A is an obtuse angle, the greatest possible errors in 


A, B, C are 3a sin A cosec BeosecC, pycotC, AycotB 


=2( -2+ abe+. 
a 


in circular measure. 
From the formula b?=c*+a?—-2ca cos B, we have 
b8b=(c — a cos B)de+(a—ccos B)da+casin B. SB, 
ze. casin B. SB=b. db—bcos A. de—bcos C. da. 
The greatest possible value of the right-hand side is 
30 (0? — be cos A + ba cos C)= A, ab cos C; 


; cou, & Bool 1 
. greatest value of 5B is 50 csin B50 °° C. 
Similarly for 5C, and since 64+6B+6C=0, we get from these the given 
maximum value for 64. 


580. [K.6.a.] Jf the equation agp ie fe Spite! ap i represent 
C 


a pair of straight lines, shew that the area of the triang 
bisectors of the angles between them and the axis of x is 


J(a—bP +42? ca-—g? 
2h * ab —h? 
If (X, Y) is the intersection of the lines, the equation to the bisectors is 
_(w- X)y- ¥) 
h b 


formed by the 





a—b 
and they meet y=0, where 
ha? —[2hX —(a—b) Yjx+h(X?- Y*)-(a-b) XY=0. 
If x, 2, are the roots of this equation, 
(1 — %2)? = (2, +o)? — 407, 


~ $y 2 
ait . Y? on reduction, 
and the area of the triangle is 
by 2 
(x, — 2») a VY. 
ms i" 
But Y =2 ~ A a, Y= -f. using the condition for straight lines 


in the form (gh — af)? =(ab—h?)(ca —g?). 
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581. [R.7.a.] An inclined plane of mass M and angle 30° rests on 
a smooth horizontal table along which it is free to move. At its summit is 
a small pulley over which passes a string to the ends of which are fastened 
two masses. One of these hangs vertically, while the other rests on the plane, 
the whole system being at rest. If the latter mass be doubled, prove that 
tt will move down the plane with acceleration 

M+m 
5M + 8m 
where m is the mass which hangs vertically. 


+9; 


The original mass on the plane is 2m. Let f4, fy be the accelerations of 
the mass 4m down and {' to the plane (inwards), f that of the plane hori- 
zontally. Then we have 
2mg — T=4mf,,, i 2/3mg — R=4mf,, 

(iii) R.4-T.= 
and fp=3f, 


whence the acceleration required is easily found. 


582. [R.7.b.y.] Three particles are projected from the same point with 
velocities V,, V2, vz and the angles of projection are in increasing Arithmetical 
Progression. The particles all strike the ground at the same point, and 
the first is at its highest position when the third strikes the ground. Prove 


that vo, is a mean proportional between v, and v3. 
Let the angles of projection be a—5, a, a+6. 
Then v,?. sin 2(a— 8) =»,?. sin 2a=v,?. sin 2(a+8) 
and v,.8in(a—8)=2v,.sin(a+6), 
sin2(a—8) 1 sin2(a+6) 
‘sin?(a—5) 4 sin*(a+6)’ 
ie tan(a—6)_,, . sinda_ 5 
 tan(a+é6) ~’ ** sin 26 3 
N 0,703" sin?2a sin?2a 25 | 
ow — . ap ce . an: 
vt sin 2(a—4)sin2(a+6) sin?2a—sin?26 16 


whence 





5 
4 
583. [D.2.4.] Prove that the fraction most nearly equal to V5, but less 
than »/5, whose denominator does not exceed 200 is 3$9. 
7 Bide 
We have Vo=24+5+5tGt, 
2 9 38 161 682 


and the convergents are ? ? i? 72 3 


. =a 
. VyV3 == 042. 


The odd convergents are all <5 and the ‘intermediate convergents’ 
38 d 682 


= on 
between 17 305 


38+161 3842x161 38+3x161 
17+72’ 17+2x72’ 17+3x72’ 
and of these, the one whose denominator most nearly equals 200 without 


360 


exceeding it, is the second, viz. isl 
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584, [K. 20. 4.] Prove that 
sin 2x sin Qy sin 2z sin (y —z) sin (2 — x) sin (x—y) 
+ sin 2x sin (y —z) cos? (y +2) cos (x — y) cos (x—z)=0. 
Dividing through by cos*rcostycos!z and putting tanz=a, etc, the 
identity takes the algebraical form 
8abe(b —c)(c —- a)(a— 6) + 2Ea(b — c)(1 — be)?(1+ab)(1 +ac)=0. 
To verify this, we notice that 
= [a(b —c)+a?(b? — c?) + a®be(b —c)](1 — 2be + bc?) 
produces nine sums, six of which vanish identically. The others are 
Ya%be(b — c)= — abe. I1(b—c), 
— 22 a*be(b? — c?) = —2abe. T1(b-c), 
Lab *e?(b—c)= — abe. II (b—c). 
Hence the whole sum is 
— 4abe(b—c)(c-—a)(a—b), 
and therefore the identity is true. 


585. [K.20.e.] Jf Tu, 73, Tc be the tangents from the angular points 
A, B, C of a triangle to the inscribed circle of the pedal triangle, shew that 
T 7 sin A sin(B—C)+ 77° sin B sin (C— A) + To? sin C sin(A — B)=0. 
Let p be the radius of the inscribed circle of the pedal triangle. The 
centre of this circle is the orthocentre ; 
. Te=4R? cos? A — p?; 
. 27sin A sin(B-C)=>7,?(cos?C — cos? B) 
= —4K?., > cos? A (cos B—cos*C) + p?. 2 (cos? B-cos?C’) 
= 0, 


586. [L'. 17. e.] A circle is mm circumscribing the triangle formed by the 
chord lx+my=1 of the ellipse oth 
Shew that the equation to the other chord of intersection of the circle and the 
ellipse is (lx — my) (a? — b?)= al? + b4m?, 

Let the equation to the other chord be 7x -my—k=0. Then the equation 
to the circle is of the form 

<+5- 1+A(lx+my—1)(lx-— my —k)=0, 
the condition for a circle being 


=1, and the tangents at its extremities. 


1 1 
gt V=n- Am?, 


Further, the circle passes through the pole of /x+my=1, viz. (al, bm), 
h 
— 1+A(a2l? — b?m?-—k)=0, 
2 + on? 
i.e. k=aPl? —b?m?+ Sn a2]? — §2m2+ E+m* 
a el 
Ba? 
atl? + b4m? 
= we BR ’ 
whence, etc. 
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587. [R.7.a.] A mass M rests on a smooth horizontal table: to it is 
attached a fine string which passes over a fixed smooth pulley in the same 
horizontal plane, and has a smooth pulley of mass p hanging at the other end ; 
over this second pulley a second fine string passes and hungs vertically, having 
masses m and m’' attached to its ends. The system being in motion under the 
action of gravity, prove that the tension of the first string 7s 


U(m+m' 
Mg{ ei (M+ p)(m+m’)+-4mm' J) 


Let 7’ be the tension of the upper string, 7” of the lower, f the accelera- 
tion of . 





y 


. 7” T , 
The accelerations of m and m’ downwards are o- pre and since 


their accelerations relative to the pulley are the same, 
ae qi? Se Ae 
. g- 7141) =a7 
Also T= Mf and 27" + pg — T=p/. 


Eliminating 7” and f from these three equations, the result follows. 


588, [R. 7. b. y.] A particle is projected from the foot of a double inclined 
plane, so as just to graze the top and then slide down the other face. Prove that 
the greatest height vs % that of the plane, and that if V is the velocity with which 
it strikes the plane, a the length and a the angle of the plane, then 


V2=}ag cosec a. 
Let u be the velocity of projection, @ the elevation, ¢ the time to reach 
the top of the plane. Then 


Vcosa=ucos 6= ort 


and Vsin a= —(wsin 0—g?), 
usin 0.t—}39t?=asin a. 
From these (gt— Vsin a)t-49¢=asina. 
Hence, substituting for ¢, we find 
2a sin a=tg. 45, pieced atlgeibras sat cask iweeswcnes (i) 
giving the required value for V?. 


Further, usin O=g. 1" Vsinu=3Vsina from (i); 


i 2 72 gin? 
and greatest height =“ 5" ia ae £3 (a sin a) from (i). 





589. [A.1.¢.; D.2.b.] Ifa is a positive integer, sum the series 


(i) 1 ~ 244 2tG- Ie —e- ...... 


sa a(a-1? a*(a—1)*(a-2P 
(ii) 1-—a?+ 2 [2.22.32 + coc. 





(i) The series is the absolute term in the expansion of 


(1 +224 +oy+ 3 tay- ney 
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where the series may be supposed continued to infinity, provided it is 
convergent. Its sum is a+ay(1+! a) =2(1+a)—. 


Hence the sum of the given series is zero. 


(ii) This series is the absolute term in the expansion of 
l a 
atay(1-5)) 
i.e. the coefficient of 2* in the expansion of (—1)*(1-—2*)*. If a is odd 


this is zero. 
a! 
5! 


590. [K. 20.¢.] A tower of slant height a leans due N. and subtends angles 
pi, fz at two points on a road running N.W. from its base. The distance 
between the points is b. Prove that the sine of the inclination of the tower to the 
vertical is 


If a is even, it is (- 1)? 


/2{a? sin®(h, — hy) — b* sin? p, sin? dy 3 
a sin (p, — po) 
Let PQ be the tower, A and B the two points, Y being on BA produced. 
Draw PZ {*to AB. Then from the triangle PAB, 
: RAE. (i) 
pons apes Wwe a hae oC 
Now let PA be drawn |" to the horizontal plane through the foot of the 
tower. Then LK?=PI/?— PK?=PN?-NLI?- PK?=NK?- WNL’; 
VK _acos6 
J2 i /2 





KLN isa right angle; -.§ VL= 


where @ is the angle the tower makes with the horizontal ; 
- WL ,-(. PL\t 
~ Cos 9=V/2. "= V/3(1 --4 ) , 
a a> 


whence, using (i), we obtain the given expression. 


591. [K. 20.c.e.] Jn any triangle, with the usual notation, prove that 
2R?(1+cos A cos B cos C)=}(a? +b? +c). 


Prove also that each of these expressions as equal to the sum of the squares of the 
tangents drawn from the angular points of the triangle (one from each) to the 
nine-point circle. 


We have, if V be the centre of the nine- _ circle and ¢4, etc., the 
tangents from the angular points, t,?= AW? — 


But AN?=}(A0?+ AP?-2PN?) 
=4$R?+2R? cos? A —$#?(1 —8 cos A cos Bcos C) ; 
=2R? cos? A +2? cos A cos Bcos C. 
Also 1— cos?A —2 cos A cos Bcos C=0; 
“. Lt.=2R?(1+ cos A cos Bcos C). 
Further, Ya? =4R? > sin? A 
=4R?(3 — > cos? A4)=8R?(1+ cos A cos Bcos C). 
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592. [K. 20.c.a.] If x, 2, x be three distinct solutions of the equation 
tan(a+B—.x) tan (2+ B-a)tan(r+a—8)=1, 


prove that n+ 2,+2=n0+(a+B+" ). 


Let tan(a+8)=t,, tan(a—8)=t,, tanxz=t. Then the equation is 
hat tm the, 

1+¢t, 1+¢, 1-t#, ” 

or #(1 ~ t)65?) — 0(t, +t) + t(t, — ty?) + 1+ 0)t,"=0 5; 


t,+¢2+1+4,.2 1+¢ T 
* tan(2,+2_+.2,)=1—_2,_" = 1—tan (a+B+ > 
pee" 1 tt? -t,4+t? 1-4, 4 


593. [L1. 2. b.] Prove that the equation to the circle for which the triangle 
Sormed by the points (a, 0), (—6, 0), (0, c) ts self-conjugate is 
e(2? + y") — 2aby + abe=0. 
The equations to the sides of the triangle are ' 
y=0, cxv+ay—ac=0, ex—by+be=0. 
Hence the equation to the circle must be of the form 
Ay? + p(cxr+ ay — ac? + v(ex — by + be? =0, 
and the conditions for a circle are 
A+pa?+vb?=(p+v)c?, pca=vbe, 
a ae. 
b a (a+b)(2—ab) 
Substituting in (i) and reducing, we obtain the given form. 


whence 


594. [L'. 10. a.] P and Q are points on the parabola y*=4a(x+a) such that 
the angle PSQ is of constant magnitude 2a. Shew that the point of entersection 
of the tangents at P and @ lies on the conic 


y? — tan? a. 2? — 4a sec? a(a+a)=0. 
y 


Determine also the nature and eccentricity of this conic. 
; 2a 
Taking the polar form = =1+c0s 8, 


the tangents at 8+ a intersect where 0={£, and r is given by 


2a 
-=cos 8+ cos a, 
rs 


. 2 
the two tangents being = =cos 0+cos (6-8 ¥a). 
Remembering the direction in which 6 is measured, we must have 
rcos @= —2, 
and therefore the locus of intersection of tangents is 


2a 
= = C08 6+ cos a, 


he. (2a+x)=(2x? + y*) cos* a. 


This conic is a hyperbola of eccentricity sec a. 
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595. [R.4a.] A uniform prism of square section ABCD rests on a 
horizontal plane with AB lowest and a wedge-shaped piece is cut off by a plane 
parallel to the horizontal edges passing through the middle point of Be and 
cutting ABin F. Prove that when the wedge is removed the prism will fall over 


_— AF > AB(V6-2). 
Let £ be the middle point of BC, and let AB=a, AF=2. The areas 
of the whole and the part removed are in the ratio 
a*: fa(a-2), 
e ts 


3? 


- 


aud their centres of gravity are distant respectively from AD; 
. the distance of C. of G. of the remainder from AD is 


Ja? — pya(a—-r)(2a-+2) 
a? —la(a-.) : 





L= 
For equilibrium we must have 7<2, 
te, u(fat+}x)>4$a? — 7; (a-x)(2a4+2), 
reducing to 2+ 4ax—2a?>0, 
i.e. [x-(V6 —2)a][x+(J/6+2)a]>0, 


and the necessary condition is evidently «>(6—2)a. 


596. [R. 7. b. y.] A particle is projected from the lowest point of the roof of a 
house up the roof, and falls so as just not to strike the eaves on the other side. 
Shew that the velocity of projection is 


j fgl(Ql +8 sin? ay! 


sin @ 
where @ is the angle of elevation of the roof, and lL the distance of its highest 
point from the eaves. 

If « is the velocity of projection, the velocity on reaching the summit 
is given by V?=u?—2g/sin @, and the equation to the subsequent path is 
— 

V2 cos? 0” 
This has to pass through the point (Zcos @, —/sin 6) ; 
B 
ley 


y=x tan 0-49. 


*, —¢sin @=/sin 0-39. 


leading to ae ae 


1 ‘ 
- ym V2 in @= mgd ‘ 
. w= V2+29l sin O=}ogl (— at8sin @) 


597. [K.1.a.] The sides BC, CA, AB of a triangle meet ~ straight line 
i 


in the — D, EF, F. Shew that a point P can be found in the line DEF such 
that the areas PAD, PBE, PCF are equal. 


Join BE, CF meeting in 0. Along CF make OJ=CF, and along EB 
make 0/J= ZB, and let A be the middle point of 7/. Then OK is the locus 
of points for which A POI= POV, i.e. for which PCF=PBE. Hence, if OX 
meets DEF in P, we have to shew that APAD=PBE. 
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Draw ogo AX, BY, CZ on DEF, so that PE. BY=PF.CZ 
(- OPBE=APCF). Because AEC is a transversal of the AFBD; 


. ED.CB.FA=FE.DC.BA, 
PE CZ CD. . PE CD 
rr BY Ep * OF Bc 
Hence, from (i), ED. FA=PE. BA, 
” PE FA, . PE FA AX 
“ ED BA’ * PD FB BY’ 
te. PE.BY=PD.AX; ». APBE=APAD. 


Now 


598. [L'. 10. a.] A moving tangent to a parabola meets three fixed tangents 
in D, E, F. Prove that the ratios EF: FD: DE are constant. 


Let 77,7; be the triangle formed by the three fixed tangents, the sides 
touching the parabola at P, Q, R. 


Then LST7,Q=SFE, both being equal to SR7;,, 
and SQT7,=SEP; 
, the triangles SQ7,, SEF are similar; -. SQ:Q7,=SE: EF. 
Similarly SQ:Q7,=SE:ED; 
. EF: ED=QT,:QT3, ¢.e. a constant ratio. 
Similarly for the other ratios. 
599. [K. 20.e.] Jf the bisectors of the angles of a triangle meet the opposite 


sides in D, E, F, shew that the area of the triangle DEF bears to that of the 
triangle ABC the ratio 
i , ee Y = _ . 
2 sin A sin B ain ¢ : COs B-C¢ cos VA C08 A- B 
2 2 2 2 2 2 


~ “ ~ = 


BC_CD_ a ac ca 


Fo thaws =; — eS ta 
We have . BD b+e? P a+b 


ii b  b+ec’ 
anne, ome Be _ __ ca 
Hence mee St 4 Gtoaatby’ 


Hence, if A’ is the area of DEF, we have 
XQ’ be _(b+e)(e+a)(a+b)— Ybe(b+e) 


l— >» a Mied A A Eaial 2. So 


a (e+a)(a+b) (b+ce)(e+a)(a+b) 
—-__2abe in Asin Bsin C_ i 
~ (b+e)(c+a)(a+b) (sin B+sin CXsin C+sin AXsin A+sin B)’ 
But sin B+sin C=2 cos ‘ cos = : 


, etc. Hence the result. 


600. [K. 20. c.a.] Prove that the roots of the equation 
2 —212°+35r-—7=0 


ot » 2ar 3r 
are tan? —, tan? ~~, tan? —, and hence shew that 
7 7 


- 


sect =+ sect =F + sect 5 = 416. 
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‘Tr 


If tan70=0, then 70=rz, 0= 7 


But in this case 7 tan 0-35 tan’ 6+ 21 tan® @— tan’ 6=0. 
Hence, dividing by tan 6 and putting tan 6=y, the roots of 
y8 — 21y* + 35y? -—7=0 
are tan ae (r=1, 2, ... 6). 


These are equal and opposite in pairs; .. putting y?=., the roots of 
wv —2122+352-—7=0 
are tan?’ (r=1, 2, 3). 


Further, since sec! @=1+2 tan? 6+tan! 6; 
=3+2> tan? +5 tant 
é 
=342x21+(21?-2x 35)=416, 


601. [L'. 10. b.] Shew that if a chord of the parabola y?=4axr touches the 
parabola y?=4bx, the tangents at its extremities meet on the parabola by* = 4a*x, 
and the normals on the curve 


(4a — by? = 4b? (x — 2a). 
The chord joining (m, m’) on y?=4az is 
2x —(m+m')y+2amm' =0, 
and the parallel tangent to y?=4br is 


20 —(m+m')y +b, +MY _o, 


If these coincide, putting m+m’=p, mm'=q, we have bp?=4aq. ............ (i) 
The intersection of tangents is «=aq, y=ap, 

whence from (i) the locus is by? =4a2x. 
The intersection of normals is 2=a({p?—q)+2a, y=—apq, 


Z 378 
ie. 2—-2a=aq. a . by (i), and yal ; 


, the locus is (4a—b)>y?=46?(#— 2a). 


602. [L'. 17. e.] A triangle is circumscribed to the circle x?+y?=r", and two 
. 
of its angular points lie on the hyperbola —-Ga1 Prove that the third 
a 
angular point lies on the ellipse 


2 


z y et 


@+Pr— apt (@A+he+aby (@r—-eP+abp 





The intersection of tangents at (7 cos a, 7 sin a) and (7 cos B, rsin (3) is 


‘ 
r COs a+B rsin a+B 
2 2 





. ; 
cos*# =P cos a—B 
2 2 





70 THE MATHEMATICAL GAZETTE. 


If this lies on the given hyperbola, we have 


cos” a+6 sin? a+6 
2 2 


a - i — ’ (6=B, Y) 





whence  5%r2(1+cosa+6)—a*r?(1 — cos a+ 6)=a"b*(1 +008 a — 6) 
or (a*r? + b?r? — ab?) cos a cos 0 —(a?r? + br? + ab?) sin a sin 9 = ar? — br? + ab. 
Now, if 2, y satisfy A cos 0+ Bsin 0=C, then 

A B C 


cos B+y x sin B+y all B-y 
2 2 2 





and therefore the intersection of tangents at B, y is (r. 4 rs 5) i.e. in this 
a®r? + 5272 — a2? a*y? + br? + ab? .. 


case Po eg — a a —— a, C08, — Po meee an SID G 
OF -BAtae " "GA -P+tae ” 


and the locus of this point is the given ellipse. 


603. [R. 9. b.] A particle is at ge from a point in an inclined plane. 
At the r* impact it strikes the plane at right angles, and at the n‘* impact it is 
again back to the point of projection. Prove that 

e" — 2e7+1=0 
where e ts the coefficient of restitution. 


Let a be the angle of the plane, @ the inclination of the direction of pro- 
jection to the plane. Then the times in the successive trajectories are 


2usin@ 2eusin @ 


’ + Ce; 
g cos a. g cosa 


*. time to r impact is a aa? 3- : 
gcosa l-e 

Since at the 7 impact the particle strikes the plane at right angles, it 
afterwards begins to move down the plane, and if it returns to the point of 
projection, the time of descending is equal to the time of ascending, 7.e. the 
time to the n™ impact is 27’; 


; g 4°" 8 
l-e 


ze. e* —Qe"+1=0. 


604. [K. 1. - A transversal cuts the sides of a triangle ABC in P, Q, R 


and also cuts t 


ree concurrent lines through A, B and C in P’, Q', R’. Prove 
that 


PQ’. QR’. RP’=-P'Q.Q'R.R'P. 
Since AC is a transversal of P’OR’ (where O is the point of concurrence of 
the lines), we have 
P'Q RC OA _ : cary 
QR’ CO’ qp=} (disregarding signs). 





SOLUTIONS. 
QR PA OB _ 
RP’ 40° BQ’ 
RP QB OC 
PQ’ BO” CR’ 


Multiplying these we obtain the given result, as the products, as written, 
have opposite signs. 


Similarly ‘ 


=1. 


605. [L'.10.4.] Jn a parabola if perpendiculars be drawn from the focus to 
the sides of a circumscribed equilateral triangle, the reciprocal of one of them is 
equal to the sum of the reciprocals of the other two. 


Let SL, SM, SN be the perpendiculars from the focus on the sides, and 
let ZL fall between Mand NV. Since S is on the circumcircle, 


*. I, M, N are collinear, 
te. ASIM+ ASLN= ASMN. 


Now let p, g be the perpendiculars from Z, Mon SN. Then p is also the 
perpendicular from Z on SW, since the angles LSM, LSN are each equal to 
an angle of the triangle. 


Hence p.SM+p.SN=q.SN. But p:g=SL:SM. 
. SL.SM+SL.SN=SM.SN, 


1 1 


me 
“6. SM SN SL 


606. [K. 20.c.] Find the number of roots of the equation (a+bx)tanx=1 
lying between any given limits. Shew also that the large roots are approximately 
aven 
g by ar+(a+nbr)- 


where n is any large integer. 
The solutions are given by the intersection of the graphs 
y=cotx and y=a+bz. 


The latter being a straight line, will cut the former once between any 
two of its successive asymptotes, ze. there is a root of the equation 
between nw and (n+1)z, where ~ is any integer. Hence the number 


of roots between a and B is J (8)-1 (*)+p, where J(a) is the greatest 
TT. us 
integer in x, and p is 0, 1 or —1. 


To find approximations to large roots, we note that when z is very 
great «=n7 will, as is evident from the graphs, be an approximate 
solution. Put «=nr+y, then the equation is 


cot y=a+tbur + by. 


Now y being small, we may take as a first approximation cot y= a 
¥y 


Hence 1=(a+bnr)y + by’, 
and neglecting y’, this gives y=(a+bnr). 
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607. [K. 8. b.c.] A quadrilateral is such that a circle can be inscribed in it} 
and another described about it, the radius of the latter being r. Prove that, if s 
be a mean proportional between the segments of a diagonal, the radius of the 
inscribed circle is PY } 

{rs?/(r+s)}*. 


Let A be the area. Then since a+c=b+d; ~. A=Wabed. If p, g 
are the segments of the diagonal AC, we have 

P om a 

sin ABD sin ¢’ 

where ¢ is the angle between the diagonals. 


d 


_ Oe 
ne da deb" 


= oe Ae fee 
z aa Ty and similarly “Sand 


A ry 


*=Srsing 4r’ 
where x and ¥ are the diagonals. 
Again, ar=— i and (ad+bc)sin A=2A ; 
: _a(ad+be) y(ab+ed). . 
. 4r= z abet: cme similarly. 
Now (ad + be)(ab + cd) =(a? + c*)bd +(b? + d?)ac 
=(c? —2ac)bd+(o?-2bd)ac, where 20=a+e. 
=o*xry — 4A? ; 
2_ ty (oxy — 4A?) 
ee 


. 16 if 


te. 1672+ 4ary=2y?. ar 
Hence, since p, the radius of the inscribed circle, is a we have 
o 
a ee 
OP 16r2+16rs r+s° 
E. M. Raprorp. 


St. John’s College, 
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